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$\mathbb{F}_{q^{2}}$ $n$ $\mathbb{F}_{q}$ $2n$
$GL(n, q^{2})$ ( { $GL(2n, q)$ $GL(n, q^{2})$ 1
Inglis-Liebeck-




$GL(2, q^{2})\backslash GL(4, q)/GL(2, q^{2})$
1 $GL(\mathrm{n}, q)$ .
$GL(n, q)$ Macdonald [3, Chap-
ter $\mathrm{I}\mathrm{V}.$ ] $\Phi$ $t$ $\mathbb{F}_{q}$
$\mathrm{V}=\mathbb{F}_{q}^{n}$ $A\in GL(n, q)$ $tv:=Av$
$(v\in \mathrm{V})$ $\mathrm{V}$ $\mathbb{F}_{q}[t]$ - $\mathbb{F}_{q}[t]$
$\mathrm{V}$ :
$\mathrm{V}\cong\oplus \mathbb{F}_{q}[t]/(f)^{\mu_{i}(f)}f\in\Phi,i$ (1)
$f\in\Phi$ { $\mu(f)=(\mu_{1}(f),$ $\mu_{2}(f),$ $\ldots)$ 1 $|\mathrm{J}$ (f) ( $f$ }
$\mathbb{F}_{q}[t]$ ( $A$
$t$ ) $GL(n, q)$ $\Phi$
$\mathscr{P}$
$\mu$ : $\Phiarrow \mathscr{P}$ :
$\sum_{f\in\Phi}d(f)|\mu(f)|=n$ (2)





$GL(n, q)$ (2) $\mu$ : $\Phiarrow \mathscr{P}$
$\mu$ $C_{\mu}$
$GL(n, q)$ (1) l $\overline{g(t)}-\overline{tg(t)}(\overline{g(t)}:=g(t)+(f(t))^{\mu_{i}(f)})$
$\mu(f)\neq 0$ $f\in\Phi$ $\mathrm{F}_{q}$ $\overline{\mathrm{F}}_{q}$
$f(t)=(t-\alpha)(t-\alpha^{q})\ldots(t-\alpha^{q^{m-1}})$ $i\geq 1$ [
$\overline{\mathrm{F}}_{q}[t]/(f)^{\mu:(f)}\cong\overline{\mathrm{F}}_{q}[t]/(t-\alpha)^{\mu:(f)}\oplus\overline{\mathrm{F}}_{q}[t]/(t-\alpha^{q})^{\mu:(f)}\oplus\cdots\oplus\overline{\mathrm{F}}_{q}[t]/(t-\alpha^{q^{m-1}})^{\mu \mathrm{i}(J)}$
$\overline{\mathrm{F}}_{q}[t]/(t-\alpha)^{\mu:(f)}$
$\{\overline{(t-\alpha)^{\mu_{i}(f)-1}}, \ldots,\overline{(t-\alpha)^{2}}, \overline{t-\alpha}, \overline{1}\}$
$(\begin{array}{lllll}\alpha 1 \alpha \mathrm{l} \ddots \ddots \alpha 1 \alpha\end{array})$
(1) Jordan
2 $GL(n, q^{2})$ $GL(2n, q)$
$\{\omega, \omega^{q}\}\subset \mathrm{F}_{q^{2}}$ $\mathrm{F}_{q^{2}}/\mathrm{F}_{q}$
$|\begin{array}{ll}\omega \omega^{q}\omega^{q} \omega\end{array}|\neq 0$
$2n\cross 2n$ $W$
$W:=(\begin{array}{llllll}\omega \omega^{q} \ddots \ddots \omega \omega^{q}\omega^{q} \omega \ddots \ddots \omega^{q} \omega\end{array})$ (3)
$W$ $GL(2n, q^{2})$ $\mathrm{F}_{q^{2}}$ $A=(\alpha_{ij})$
$\overline{A}:=(\alpha_{ij}^{q})$
128
$\overline{W}=(\begin{array}{ll}0 I_{n}I_{n} 0\end{array})W$ (4)
$I_{n}$ $n$ $X=(_{CD}^{AB})$ $GL(2n, q^{2})$
(4)
$W^{-1}XW\in GL(2n, q)\Leftrightarrow\overline{W^{-1}XW}=W^{-1}XW$
$\Leftrightarrow(\begin{array}{ll}0 I_{n}I_{n} 0\end{array})\overline{X}(\begin{array}{ll}0 I_{n}I_{n} 0\end{array})=X$
\Leftrightarrow C=--B $D=\overline{A}$
$GL(2n, q)$ $GL(2n, q^{2})$ $( \frac{A}{B}\frac{B}{A})$
:
(5)$GL(2n, q)=W^{-1}\{(\begin{array}{ll}A B\overline{B}\overline{A} \end{array})\in GL(2n, q^{2})\}W$
(6)$K_{2n}:=W^{-1}\{(\begin{array}{ll}C 00\overline{C} \end{array})\in GL(2n, q^{2})\}W$
$GL(2n, q)$ $GL(n, q^{2})$ $\alpha,$ $\alpha^{q}$ $\mathrm{F}_{q}$
$f(t)=t^{2}+at+b\in \mathrm{F}_{q}[t]$ $K_{2n}$ $f(t)$
$\nu V^{-1}(\begin{array}{ll}\alpha I_{n} 00 \alpha^{q}I_{n}\end{array})\mathrm{T}\eta r(\in GL(2n, q))$
3 $1_{GL(n,q^{2})}^{GL(2n,q)}$





$= \frac{1}{|K_{2n}|}\sum_{\mu}|C_{\mu}\cap K_{2n}|\chi(c_{\mu})$ (7)
$GL(2n, q)$ $\chi\downarrow_{K_{2n}}^{GL(2n,q)}$
$\chi$ $K_{2n}$ $c_{\mu}$ $C_{\mu}$









[ $f$ $\mu(f)\neq 0$ $\Phi$ $\overline{\mathrm{F}}_{q}[t]$
$f(t)=(t-\alpha)(t-\alpha^{q})(t-\alpha^{q^{m-1}})$ 1 [ fl $F$ : $\gammaarrow\gamma^{q}$
Frobenius $\{\alpha, \alpha^{q}, \alpha^{q^{2}}, \ldots, \alpha^{q^{m-1}}\}$ $\overline{\mathrm{F}}_{q}$ F-
$m=d(f)$ $F$- 2 F2-
$\{\alpha, \alpha^{q}, \alpha^{q^{2}}, \ldots, \alpha^{q^{m-1}}\}=\{\alpha, \alpha^{q^{2}}, \alpha^{q^{4}}, \ldots, \alpha^{q^{2k-2}}\}\cup\{\alpha^{q}, \alpha^{q^{3}}, \alpha^{q^{5}}, \ldots, \alpha^{q^{2k-1}}\}$
(m=2k) $\mathrm{F}_{q}[t]/(f)^{\mu_{i}(f)}$ Jordan
$(^{C}\overline{c})$ $m=d(f)$ $f$
1 $F^{2}$- $C_{\mu}$ $K_{2n}$
$i\geq 1$ $\mu(f)$ $i$ $|\{j;\mu_{j}(f)=i\}|$





( $f,$ $f’,$ $g$ [ $\Phi$ $d(f)=d(f’)=1,$ $d(g)=2$ ) (
$GL(2n, q)$
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where $\rho,$ $\sigma,\omega$ are primitive elements of $\mathrm{F}_{q},$ $\mathrm{F}_{q^{2}},$ $\mathrm{F}_{q^{4}}$ respectively.
$1_{K_{4}}^{GL(4,q)}$
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$\#$ irreducible characters $=q(q+1)$
$\underline{The}$Decompositionof $1_{K_{4}}^{GL(4,q)}$ , with$q.\cdot$ even.





























































$,\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\rho$ is aprimitive element of $\mathrm{F}_{q}$ .
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where $\sigma$ and $\omega$ are primitive elements of $\mathrm{F}_{q^{2}},$ $\mathrm{F}_{q^{4}}$ respectively.
Macdonald [3, Chapter $\mathrm{I}\mathrm{V}.$ ]
$GL(n, q)$ $\mathrm{F}_{q^{r}}(r\geq 1)$ $M_{r}$ $\overline{M}_{r}$
134
$L= \lim_{arrow}\overline{M_{r}}$ $F$- $$
$\Phi$






$f(t)=a_{0}t^{k}+a_{1}t^{k-1}+\cdots+a_{k}$ $\mathrm{F}_{q}$ $a_{k}\neq 0$
$f$ reciprocal polynomial $\tilde{f}$
$\tilde{f}(t):=t^{k}f(t^{-1})=a_{k}t^{k}+a_{k-1}t^{k-1}+\cdots+a_{0}$
$f(t)=\tilde{f}(t)$ $f$ self-reciprocal $|_{\sqrt}$
$\Psi:=\Phi\cup\{t\}$ : the set of all monic irreducible polynomials in $\mathrm{F}_{q}[t]$ ,
$S:=$ { $f\in\Psi\backslash \{t\pm 1\}|f$ : self-reciprocal},








(i) $q$ $\chi_{\mu}$ $1_{GL(n,q^{2})}^{GL(2n,q)}$
$\mu(t-1)’$ : even, $\mu(\tilde{g})=\mu(g)$ for all $g\in N$
1




$GL(2n,q)$(ii) $q$ $\chi_{1}$ 1 $GL(n,q^{2})$
$\mu(t-1)’$ : even, $\mu(t+1)$ : even, $\mu(\tilde{g})=\mu(g)$ for all $g\in N$




$\Psi_{k}.S_{2k}\underline{1.1}\cup\{g\tilde{g}|g\in N_{k}\}$ $(k\geq 2)$ (8)
$\Psi_{1}\backslash \{t\pm 2\}.S_{2}\underline{1.1}\cup\{g\tilde{g}|g\in N_{1}\}$ (9)
Carlitz [1] $h(t)$ $t\pm 2$ $\Psi_{k}$
$\mathrm{F}_{q^{k}}[t]$ $h(t)=(t-\beta)(t-\beta^{q})\ldots(t-\beta^{q^{k-1}})$ ( \hslash
$\alpha\in \mathrm{F}_{q^{2k}}$ $t^{2}-\beta t+1$ $\alpha+\alpha^{-1}=\beta$ $\beta$









$f(t)$ $2k$ $\alpha\in \mathrm{F}_{q^{2k}}\backslash \mathrm{F}_{q^{k}}$




$\sum_{n=0}^{\infty}$ rank $(GL(2n, q)/GL(n, q^{2}))t^{2n}= \prod_{r=1}^{\infty}(1-qt^{2r})^{-1}$ (10)
2 $GL(2n, q)$ $|GL(2n, q)$ : $GL(n, q^{2})|$
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rank $(GL(0, q)/GL(0, q^{2})):=1$
rank
$(GL(2n, q)/GL(n, q^{2}))= \sum_{\lambda\in\ovalbox{\tt\small REJECT}_{n}}q^{l(\lambda)}$ (11)
$\mathscr{P}_{n}$ $n$ $l(\lambda)$ $\lambda$ $\lambda$
0
$n=1,2$
rank $(GL(2, q)/GL(1, q^{2}))=q$ ,
rank $(GL(4, q)/GL(2, q^{2}))=q^{2}+q$
$n=1,2$ ( $1_{GL(1,q^{2})}^{GL(2,q^{2})}$








$f(t)=t^{2}+at+b$ $\mathrm{F}_{q}$ $\gamma,$ $\gamma^{q}\in \mathrm{F}_{q^{2}}$ $C_{\mu}$
Fq[t]-
$\mathrm{F}_{q}[t]/(f)\oplus\cdots\oplus \mathrm{F}_{q}[t]/(f)$ ( $n$ times)




$GL(2n, q)$ $X\ovalbox{\tt\small REJECT} W^{-}$






$GL(2n, q)$ $C_{\mu}$ $C_{\mu}$
$W^{-1}(\begin{array}{ll}\gamma I_{n} 00 \gamma^{q}I_{n}\end{array})W$
[ $GL(n, q^{2})$ $GL(n, q^{2})\backslash GL(2n, q)/GL(n, q^{2})$
$GL(n, q^{2})$ $C_{\mu}$ 1 1
$GL(n, q)$ $X=W^{-1}(\begin{array}{ll}A B\overline{B}\cdot\overline{A} \end{array})W$ $GL(n, q^{2})$ $\mathrm{Y}=W^{-1}(_{0}^{C}\frac{0}{C})W$
$\mathrm{Y}X\mathrm{Y}^{-1}=W^{-1}(_{0}^{C}\frac{0}{C})(\begin{array}{ll}A B\overline{B}\overline{A} \end{array})(^{c_{0}^{-1}}$ $\frac{0}{C}1)W$
$=W^{-1}$ ( $C^{-1}$ $\frac{CB\overline{C}}{CAC}1$ )$1W$




(i) $A\sim(\alpha \alpha)$ : there are $(q+2)$-Orbits
$\bullet$ $\alpha+\alpha^{q}=-a,$ $\alpha\neq\gamma,$ $\gamma^{q}\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots..\ldots\ldots\ldots.(q-2)$ -Orbits
$\bullet$ $\alpha=\gamma,$ $\gamma^{q},$ $B=0\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots$ 2-0rbits
$\bullet$ $\alpha=\gamma,$ $\gamma^{q}$ , rank $B=1\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots$ .2-0rbits
(ii) $A\sim(\begin{array}{ll}\alpha 1 \alpha\end{array})$ : there are $(q-2)$-Orbits
$\bullet$ $\alpha+\alpha^{q}=-a,$ $\alpha\neq\gamma,$ $\gamma^{q}\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots..(q-2)$-Orbits
3 (12) $X=W^{-1}( \frac{A}{B}\frac{B}{A})W$
138
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